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MOMENT MAPS AND COHOMOLOGY OF NON-REDUCTIVE QUOTIENTS
GERGELY BE´RCZI AND FRANCES KIRWAN
Abstract. Let H be a complex linear algebraic group with internally graded unipotent radical acting on a
complex projective variety X. Given an ample linearisation of the action and an associated Fubini–Study
Ka¨hler metric which is invariant for a maximal compact subgroup Q of H, we define a notion of moment
map for the action of H, and show that when the (non-reductive) GIT quotient X//H introduced in [4] exists
it can be identified with the quotient by Q of a suitable level set for this moment map. When semistability
coincides with stability for the action of H, we derive formulas for the Betti numbers of X//H and we
express the rational cohomology ring of X//H in terms of the rational cohomology ring of the GIT quotient
X//TH, where TH is a maximal torus in H. We relate intersection pairings on X//H to intersection pairings
on X//TH, obtaining a residue formula for these pairings on X//H analogous to the residue formula of
[25]. As an application, we announce a proof of the Green–Griffiths–Lang and Kobayashi conjectures for
projective hypersurfaces with polynomial degree.
1. Introduction
The aim of this paper is to extend the results of the second author [29] and Martin [37] in computing
the rational cohomology of reductive GIT quotients to cases when the group which acts is not necessarily
reductive. The methods developed in this paper are used in [6] to prove the Green–Griffiths–Lang con-
jecture and Kobayashi conjecture on hyperbolicity for generic projective hypersurfaces with polynomial
degree.
In [2, 4] the existence was proved of projective GIT quotients of complex projective varieties by
suitable linear actions of linear algebraic groups with internally graded unipotent radicals. Here we say
that a linear algebraic group H = U ⋊ R over C, with unipotent radical U and Levi subgroup R, has
internally graded unipotent radical if R has a central one-dimensional torus λ : Gm → Z(R) whose
weights for the adjoint action on the Lie algebra of U are all strictly positive. When H acts linearly on a
projective variety and ‘semistability coincides with stability’ for the action of Uˆ = U⋊λ(Gm), it is shown
in [4] that — after proper adjustment of the linearisation — many of the key features and computational
strengths of reductive GIT extend to this non-reductive situation. The present paper studies the rational
cohomology of these non-reductive GIT quotients.
When X is a nonsingular complex projective variety acted on by a complex reductive group G with
respect to an ample linearisation, we can choose a maximal compact subgroup K of G and a K-invariant
Fubini–Study Ka¨hler metric on X with corresponding moment map µ : X → k∗, where k is the Lie algebra
of K and k∗ = HomR(k,R) is its dual. Here k
∗ embeds naturally in the complex dual g∗ = HomC(k,C)
of the Lie algebra g = k ⊗ C of G, as k∗ = {ξ ∈ g∗ : ξ(k) ⊆ R}; using this identification we can regard
µ : X → g∗ (or a G-equivariant family of such µ parametrised by all the maximal compact subgroups of
G) as a ‘moment map’ for the action of G, although of course not a moment map for G in the traditional
sense of symplectic geometry.
The second author in [29] used the norm-square f = ||µ||2 of the moment map µ : X → k∗ as a
(‘minimally degenerate’) Morse function and showed that the open stratum of the corresponding Morse
stratification, which retracts K-equivariantly onto the zero level set µ−1(0) of the moment map, coincides
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with the GIT semistable locus Xss for the linear action of G on X. Moreover, µ−1(0) is K-invariant and
its inclusion in Xss induces a homeomorphism
(1) µ−1(0)/K  X//G.
The equivariant Morse inequalities relate the equivariant Betti numbers of X to those of Xss and the other
(unstable) strata. In fact it is shown in [29] that the Morse stratification is equivariantly perfect, so that
the equivariant Morse inequalities are equalities, and these Morse equalities provide explicit formulas for
theG-equivariant Betti numbers of Xss in terms of the G-equivariant Betti numbers of X and those of the
other Morse strata, which can in turn be described inductively in terms of semistable loci for actions of
reductive subgroups ofG on nonsingular projective subvarieties of X. If Xs = Xss, then theG-equivariant
rational cohomology of Xss coincides with the ordinary rational cohomology of its geometric quotient
Xss/G which is the GIT quotient X//G, and therefore we get expressions for the Betti numbers of X//G
in terms of the equivariant Betti numbers of the unstable GIT strata and of X.
Martin [37] used (1) to relate the topology of the quotient X//G and the associated quotient X//T ,
where T ⊂ G is a maximal torus. He proved a formula expressing the rational cohomology ring of X//G
in terms of the rational cohomology ring of X//T , and an integration formula which expresses intersection
pairings on X//G in terms of intersection pairings on X//T . This integration formula, combined with
methods from abelian localisation, leads to residue formulas for cohomology pairings on X//G which
are closely related to those of [25].
In this paper we follow a similar path for non-reductive actions. Let X be a nonsingular complex
projective variety endowed with a linear action of a complex linear algebraic group H = U ⋊ R with
respect to an ample line bundle L. Here U is the unipotent radical of H, and R is the complexification of
a maximal compact subgroup Q of H (so that R and Q are determined up to conjugation in H). Assume
that the unipotent radical U of H is internally graded by a central 1-parameter subgroup λ : C∗ → R of the
Levi subgroup R, and let Uˆ = U⋊λ(C∗) ⊂ H; then λ(S 1) ⊂ λ(C∗) ⊂ Uˆ is a maximal compact subgroup of
Uˆ. Assume also that semistability coincides with stability for the Uˆ-action, in the sense of [4] (Definition
2.10 below). In [4] it is shown that then, after a suitable shift of the linearisation by a (rational) character
of R — we call the resulting linearisation well-adapted — the algebra of invariants ⊕k≥0H
0(X, L⊗k)H is
finitely generated, and the corresponding projective variety X//H satisfies some of the key properties of
Mumford’s GIT: (i) it is the set of S -equivalence classes for the H action on a semistable locus Xss,H,
(ii) it contains as an open subvariety a geometric quotient of a stable locus Xs,H ⊂ Xss,H , and (iii) the
semistable and stable loci are described by Hilbert-Mumford type numerical criterion.
Using the embeddings X ⊂ Pn defined by very ample tensor powers of L, and corresponding Fubini–
Study Ka¨hler metrics invariant under maximal compact subgroups Q of H (or H-equivariant families of
such metrics parametrised by the maximal compact subgroups of H), in this paper we define ‘H-moment
maps’ µH : X → LieH
∗ = HomC(LieH,C) by composing G = GL(n + 1)-moment maps µG : X → g
∗
with the maps of complex duals g∗ → Lie(H)∗ coming from the representations H → GL(n+1); cf. [35].
(When H is reductive this is compatible with the previous definition). Our main theorem is the following
non-reductive analogue of (1).
Theorem 1.1. Let X be a smooth complex projective variety endowed with a well-adapted action of a
complex linear algebraic group H = U ⋊ R with internally graded unipotent radical U and maximal
compact subgroup Q 6 R. If H-stability=H-semistability (see Definition 2.10) then Hµ−1
H
(0) = Xs,H =
Xss,H and the embedding of µ−1
H
(0) in Xss,H induces a homeomorphism
µ−1H (0)/Q ≃ X//H = X
s,H/H.
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In the special case when H = Uˆ = U ⋊ C∗, this tells that the embedding µ−1
Uˆ
(0) ֒→ Xss,Uˆ induces a
homeomorphism µ−1
Uˆ
(0)/S 1 ≃ X//Uˆ.
Remark 1.2. In fact, in order to have an embedding of µ−1
H
(0) in Xss,H and an induced homeomorphism
µ−1
H
(0)/Q ≃ X//H, the condition that H-stability=H-semistability can be weakened to the requirement
that Uˆ-stability=Uˆ -semistability. For then there is an embedding of µ−1
Uˆ
(0) in Xss,Uˆ with an induced
homeomorphism µ−1
Uˆ
(0)/λ(S 1) ≃ X//Uˆ, and we can apply (1) to the induced action of R/λ(C∗) to obtain
the corresponding result for H.
Let ω0 < ω1 < . . . < ωr be the weights of the linear action of λ(C
∗) on X. Set
Zmin =
{
x ∈ X
x is a λ(C∗)-fixed point and
λ(C∗) acts on L∗|x with weight ω0
}
and
X0min =
{
x ∈ X
limt→0 λ(t)x lies
in Zmin
}
.
Theorem 1.3 (Betti numbers). Let X be a smooth complex projective variety endowed with a well-
adapted action of a linear algebraic group H = U ⋊ R with internally graded unipotent radical U. Let
λ : C∗ → Z(R) be the central one-parameter subgroup of R which grades U, and let Uˆ = U ⋊ λ(C∗) ⊂ H
as above. Assume that the condition that Uˆ-stability=Uˆ-semistability holds (see Definition 2.10).
(1) The stratification X0
min
= Xs,Uˆ ⊔ UZmin is equivariantly perfect, and the Poincare´ series of the
GIT quotient X//Uˆ satisfies
Pt(X//Uˆ) = Pt(Zmin)
1 − t2(dim(X)−dim(Zmin)−dim(U))
1 − t2
.
(2) Assume that stability=semistability holds for the R/λ(C∗) action on Zmin. Then
Pt(X//H) = Pt(Zmin//(R/λ(C
∗)))
1 − t2(dim(X)−dim(Zmin)−dim(U))
1 − t2
.
Note that a key difference from the reductive picture of [29] is that for well-adapted actions as above
we have a distinguished subset Zmin which – as the formulas make clear – carries much of the cohomo-
logical information about X//Uˆ and X//H.
Remark 1.4. More generally if the centre of R has a subtorus which acts trivially on Zmin such that
stability coincides with semistability for the induced action on Zmin of the quotient R¯ of R by this subtorus,
then Pt(X//H) is the product of Pt(Zmin//R¯) by the Poincare´ polynomial of a toric variety which is a
GIT quotient by this subtorus of the fibre (an affine space) of the map X0
min
→ Zmin which sends x to
limt→0 λ(t)x.
In the second half of the paper we adapt the argument of Martin [37] to actions of complex linear
algebraic groups with internally graded unipotent radicals, and extend his formulas to express the rational
cohomology ring of X//H in terms of the rational cohomology ring of the torus quotient X//TH where
TH is a maximal torus of R (and hence of H). We study the following key diagram, where TQ is the
compact torus which is a maximal compact subgroup of TH (and so is a maximal torus of the maximal
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compact subgroup Q of R):
(2) µ−1
H
(0)/TQ

 i
//
π

µ−1
TH
(0)/TQ = X//TH
µ−1
H
(0)/Q = X//H.
Theorem 1.5 (Cohomology rings). Let X be a smooth projective variety endowed with a well-adapted
action of H = U ⋊ R such that H-stability=H-semistability holds. Then there is a natural ring isomor-
phism
H∗(X//H,Q) ≃
H∗(X//TH ,Q)W
ann(e)
where W denotes the Weyl group of R, which acts naturally on X//TH , while e = Euler(V) ∈ H∗(X//TH)W
is the Euler class of the bundle V associated to the roots of R and weights of the adjoint action of TH on
Lie(U) (see Definition 5.11 for details). Finally
ann(e) = {c ∈ H∗(X//T,Q)|c ∪ e = 0} ⊂ H∗(X//TH ,Q).
is the annihilator ideal.
Diagram (2) provides a natural way to define a lift of a cohomology class on X//H to a class on X//TH :
we say that a˜ ∈ H∗(X//TH) is a lift of a ∈ H∗(X//H) if π∗a = i∗a˜.
Theorem 1.6 (Integration formula). Let X be a smooth projective variety endowed with a well-adapted
action of H = U ⋊ R such that H-stability=H-semistability holds. Assume that the stabiliser in H of a
generic x ∈ X is trivial. Given a cohomology class a ∈ H∗(X//H) with a lift a˜ ∈ H∗(X//TH), then∫
X//H
a =
1
|W |
∫
X//TH
a˜ ∪ e
where we use the notation of Theorem 1.5.
Using these results, we prove a residue formula for intersection pairings on X//H; see Theorem 5.15.
Remark 1.7. Theorem 1.6 can be generalised to allow the triviality assumption for the stabiliser in H
of a generic x ∈ X to be omitted; then the sizes of the stabilisers in H and TH of a generic x ∈ X are
included in the formula for
∫
X//H
a.
The layout of the paper is as follows. We start in §2 with a brief overview of non-reductive GIT and
results of [4]. In §3 we define moment maps for linear actions of complex linear algebraic groups with
internally graded unipotent radicals: first we focus on Uˆ actions and prove Theorem 1.1 for these, before
turning to more general H actions. In §4 we study the Morse stratification of X and prove Theorem 1.3.
§5 contains the topological argument of [37] and proves Theorem 1.5 and Theorem 1.6. We illustrate
our methods in some simple examples in §6.
2. Non-reductive GIT
This section is a brief summary of results in [2, 3, 4], with the main focus on [4], which is most
relevant to this paper.
Let H = U ⋊ R be a linear algebraic group acting linearly with respect to an ample line bundle L on
a projective variety X over an algebraically closed field k of characteristic 0. Here U is the unipotent
radical of H and R  H/U is a Levi subgroup of H. When H = R is reductive, using classical geometric
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invariant theory (GIT) developed by Mumford in the 1960s [38], we can find H-invariant open subsets
Xs ⊆ Xss of X with a geometric quotient Xs/H and projective completion X//H ⊇ Xs/H which is the
projective variety associated to the algebra of invariants
⊕
k≥0
H0(X, L⊗k)H . The variety X//H is the
image of a surjective morphism φ from the open subset Xss of X (consisting of the semistable points for
the action, while Xs consists of the stable points) such that if x, y ∈ Xss then φ(x) = φ(y) if and only if the
closures of the H-orbits of x and y meet in Xss (that is, x and y are ‘S-equivalent’). Moreover the subsets
Xs and Xss can be described using the Hilbert–Mumford criteria for (semi)stability.
Some aspects of Mumford’s GIT can be made to work when H is not reductive (cf. for example
[3, 14, 16, 17, 19, 20, 33, 42]), although it cannot be extended directly to non-reductive linear algebraic
group actions since the algebra of invariants
⊕
k≥0
H0(X, L⊗k)H is not necessarily finitely generated as a
graded algebra when H is not reductive. We can still define (semi)stable subsets Xss and Xs, the latter
having a geometric quotient Xs/H which is an open subset of an ‘enveloping quotient’ X ≈H with an
H-invariant morphism φ : Xss → X ≈H, and if the algebra of invariants
⊕
k≥0
H0(X, L⊗k)H is finitely
generated then X ≈H is the associated projective variety [3, 14]. However in general the enveloping
quotient X ≈H is not necessarily projective, the morphism φ is not necessarily surjective (indeed its image
may not be a subvariety of X ≈H, but only a constructible subset) and we have no obvious analogues of
the Hilbert–Mumford criteria for (semi)stability.
2.1. Enveloping quotients. As before let H be a linear algebraic group acting on a variety X equipped
with a linearisation with respect to an ample line bundle L → X (that is, a lift of the action of H to L).
We let S =
⊕
r≥0
H0(X, L⊗r) be the graded k-algebra of global sections of non-negative tensor powers
of L, and let S H be the subalgebra consisting of H-invariant sections. The inclusion S H ֒→ S defines an
H-invariant rational map of schemes
(3) q : X d Proj(S H),
which is well defined on the open subset of points where some invariant section of a positive tensor
power of L does not vanish.
Definition 2.1. Let H be a linear algebraic group acting on a variety X and L → X a linearisation of the
action. The naively semistable locus is the open subset
Xnss :=
⋃
f∈Inss
X f
of X, where Inss :=
⋃
r>0 H
0(X, L⊗r)H is the set of invariant sections of positive tensor powers of L. The
finitely generated semistable locus is the open subset
Xss,fg :=
⋃
f∈Iss,fg
X f
of Xnss, where
Iss,fg :=
{
f ∈
⋃
r>0H
0(X, L⊗r)H | (S H)( f ) is a finitely generated k-algebra
}
.
Remark 2.2. The finitely generated semistable locus Xss,fg is in general strictly contained in Xnss, since
the subalgebra of invariant sections can be non-noetherian (even if S is a finitely generated k-algebra).
When H acts on an irreducible affine variety X = Spec A and L = OX is equipped with the canonical
H-linearisation, defined by the trivial character 1 : H → Gm, then X
nss = X while Xss,fg is the union of
all X f where (A
H) f is finitely generated over k. It follows from [11, Proposition 2.10] and [21] that if A
H
is not finitely generated (as is the case for the famous Nagata example) then ∅ , Xss,fg , Xnss.
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Definition 2.3. The enveloping quotient is the scheme
X ≈H :=
⋃
f∈Iss,fg
Spec
(
(S H)( f )
)
⊆ Proj(S H)
together with the canonical map q : Xss,fg → X ≈H. The image q(X
ss,fg) of this map is the enveloped
quotient.
The enveloping quotient is a canonically defined reduced, separated scheme locally of finite type over
k. It is observed in [2] that, if the enveloping quotient is projective, then we have a finitely generated
algebra of invariants and the enveloping quotient is the projective scheme associated to the algebra of
invariants.
2.2. Linear algebraic groups with graded unipotent radicals and the Uˆ-theorem. In general when a
linear algebraic group H acts linearly on a projective variety X then X ≈H is not necessarily a projective
variety, the morphism φ is not necessarily surjective (indeed its image may not be a subvariety of X ≈H
but only a constructible subset) and we have no obvious analogues of the Hilbert–Mumford criteria for
(semi)stability. There is, however, a class of non-reductive groups to which some of the key features
and computational flexibility of reductive GIT can be extended [4, 2]. These are linear algebraic groups
H whose unipotent radical U is graded either internally, by a central one-parameter subgroup of a Levi
subgroup of H, or externally, by a one-parameter group of automorphisms of H whose induced action on
H/U is trivial. In each case the weights of the action of the multiplicative group on the Lie algebra of U
are required to be strictly positive.
Definition 2.4. We say that a linear algebraic group H = U⋊R has internally graded unipotent radical U
if there is a central one-parameter subgroup λ : Gm = k
∗ → Z(R) of the Levi subgroup R of H such that
the adjoint action of Gm on the Lie algebra of U has all its weights strictly positive. Then Uˆ = U ⋊λ(Gm)
is a normal subgroup of H and H/Uˆ  R/λ(Gm) is reductive.
We say that H has externally graded unipotent radical if H is a linear algebraic group over k with
unipotent radical U and there is a semidirect product Hˆ = H ⋊ Gm such that the adjoint action of Gm on
the Lie algebra of U has all weights strictly positive, and Gm commutes with a Levi subgroup R  H/U
of H. Thus Hˆ has internally graded unipotent radical, with the grading given by the one-parameter
subgroup defining the semidirect product H ⋊ Gm.
If H = U ⋊ R has internally graded unipotent radical U with central one-parameter subgroup λ :
Gm → R defining the grading, then the conjugation action of λ(Gm) on H defines a one-parameter group
of automorphisms of H which acts trivially on R and thus H becomes externally graded. Since the
internally and externally grading one-parameter groups of automorphisms act in the same way on H, we
have an isomorphism Hˆ  H × Gm where the internally grading subgroup is identified with λ(Gm) 6 H
and the externally grading subgroup is identified with the diagonal in λ(Gm) × Gm.
Let H = U ⋊ R with internally graded unipotent radical U as above act linearly on an irreducible
projective variety X with respect to an ample line bundle L. Let χ : H → Gm be a character of H. Its
kernel contains U (since unipotent groups have no nontrivial characters), and its restriction to Uˆ can be
identified with an integer in such a way that the integer 1 corresponds to the character of Uˆ which fits
into the exact sequence U ֒→ Uˆ → λ(Gm).
Let ωmin be the minimal weight for the action of the one-parameter subgroup λ : Gm ≤ Uˆ ≤ H
on V := H0(X, L)∗ and let Vmin be the weight space of weight ωmin in V . Then ωmin = ω0 where
ω0 < ω1 < · · · < ωmax are the weights with which λ(Gm) acts on the fibres of L
∗ over the fixed point
set for its action on X. We can assume that there exist at least two distinct such weights since otherwise
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the action of the unipotent radical U of H on X is trivial, and so the action of H is via an action of the
reductive group R = H/U.
Definition 2.5. Let c be a positive integer such that
χ
c
= ωmin + ǫ
where ǫ > 0 is sufficiently small; we will call rational characters χ/c with this property well adapted
to the linear action of H, and we will call the linearisation well adapted if ωmin < 0 ≤ ωmin + ǫ for
sufficiently small ǫ > 0. How small ǫ is required to be will depend on the situation; more precisely, we
will say that a property P holds for well adapted linearisations if there exists ǫ(P) > 0 such that property
P holds for any linearisation for which ωmin < 0 ≤ ωmin + ǫ(P).
The linearisation of the action of H on X with respect to the ample line bundle L⊗c can be twisted by
the character χ so that the weights ω j are replaced with ω jc− χ; let L
⊗c
χ denote this twisted linearisation.
Let X
s,Gm
min+
denote the stable subset of X for the linear action of λ(Gm) with respect to the linearisation
L⊗cχ ; by the theory of variation of (classical) GIT [12, 41], if L is very ample then X
s,Gm
min+
is the stable set
for the action of λ(Gm) with respect to any rational character χ/c such that ωmin < χ/c < ω1. Let
Zmin := X ∩ P(Vmin) =
{
x ∈ X
x is a Gm-fixed point and
Gm acts on L
∗|x with weight ωmin
}
and
X0min := {x ∈ X | p(x) ∈ Zmin} where p(x) = lim
t→0
t∈Gm
t · x for x ∈ X.
Definition 2.6. (cf. [2]) With this notation, we define the following condition for the Uˆ-action on X:
(∗) StabU(z) = {e} for every z ∈ Zmin.
Note that (∗) holds if and only if we have StabU(x) = {e} for all x ∈ X
0
min
. This is also referred to as the
condition that ‘semistability coincides with stability’ for the action of Uˆ (or, when λ : Gm → R is fixed,
for the linear action of U); see Definition 2.10 below.
Definition 2.7. When (∗) holds for a well adapted action of Uˆ the min-stable locus for the Uˆ-action is
X
s,Uˆ
min+
= X
ss,Uˆ
min+
=
⋂
u∈U
uX
s,λ(Gm)
min+
= X0min \ UZmin.
Definition 2.8. A well-adapted linear action of the linear algebraic group H on an irreducible projective
variety is given by data X, L,H, Uˆ, χ where
(1) H is a linear algebraic group with internally graded unipotent radical U,
(2) H acts linearly on X with respect to a very ample line bundle L (and by abuse of notation L will
be used to denote both the line bundle and the linearisation given by the linear action of H on L),
while χ : H → Gm is a character of H and c is a positive integer such that the rational character
χ/c is well adapted for the linear action of Uˆ = U ⋊ Gm on X.
We will often refer to this set-up simply as a well-adapted action of H on X.
Theorem 2.9 ([4]). Let (X, L,H, Uˆ, χ) be a well-adapted linear action satisfying condition (∗). Then
(1) the algebras of invariants
⊕∞m=0H
0(X, L⊗cmmχ )
Uˆ and ⊕∞m=0 H
0(X, L⊗cmmχ )
H = (⊕∞m=0H
0(X, L⊗cmmχ )
Uˆ)R
are finitely generated;
8 GERGELY BE´RCZI AND FRANCES KIRWAN
(2) the enveloping quotient X ≈ Uˆ is the projective variety associated to the algebra of invariants
⊕∞
m=0
H0(X, L⊗cmmχ )
Uˆ and is a geometric quotient of the open subset X
s,Uˆ
min+
of X by Uˆ;
(3) the enveloping quotient X ≈H is the projective variety associated to the algebra of invariants
⊕∞
m=0
H0(X, L⊗cmmχ )
Hˆ and is the classical GIT quotient of X ≈Uˆ by the induced action of R/λ(Gm)
with respect to the linearisation induced by a sufficiently divisible tensor power of L.
Definition 2.10. Let X be a projective variety which has a well adapted linear action of a linear algebraic
group H = U ⋊ R with internally graded unipotent radical U. When (∗) holds we denote by Xs,H
min+
and
X
ss,H
min+
the pre-images in X
s,Uˆ
min+
= X
ss,Uˆ
min+
of the stable and semistable loci for the induced linear action of
the reductive group H/Uˆ = R/λ(Gm) on X ≈Uˆ = X
s,Uˆ
min+
/Uˆ.
By H-stability=H-semistability we mean that (∗) holds and X
s,H
min+
= X
ss,H
min+
. The latter is equivalent to
the requirement that StabH(x) is finite for all x ∈ X
ss,H
min+
; then the projective variety X ≈H is a geometric
quotient of the open subset Xs,H
min+
= X
ss,H
min+
of X by the action of H.
2.3. Blow-ups to ensure semistability coincides with stability. Suppose now that a reductive group
G acts linearly on a projective variety X which has some stable points, but also has semistable points
which are not stable. In [30] it is described how one can blow X up along a sequence of G-invariant
subvarieties to obtain a G-invariant morphism X˜ → X where X˜ is an irreducible projective variety acted
on linearly by G such that X˜ss = X˜s. The induced birational morphism X˜//G → X//G of the geometric
invariant theoretic quotients is then an algorithmically determined partial desingularisation of X//G, in
the sense that if X is nonsingular then the centres of the blow-ups can be taken to be nonsingular, and
X˜//G has only orbifold singularities (it is locally isomorphic to the quotient of a nonsingular variety by
a finite group action) whereas the singularities of X//G are in general much worse. Even when X is
singular, we can regard the birational morphism X˜//G → X//G as resolving (most of) the contribution to
the singularities of X//G coming from the group action.
The set X˜ss can be obtained from Xss as follows. There exist semistable points of X which are not
stable if and only if there exists a non-trivial connected reductive subgroup ofG fixing a semistable point.
Let r > 0 be the maximal dimension of a reductive subgroup of G fixing a point of Xss and let R(r) be
a set of representatives of conjugacy classes of all connected reductive subgroups R of dimension r in G
such that
Z ssR = {x ∈ X
ss : R fixes x}
is non-empty. Then ⋃
R∈R(r)
GZ ssR
is a disjoint union of nonsingular closed subvarieties of Xss. The action of G on Xss lifts to an action on
the blow-up X(1) of X
ss along
⋃
R∈R(r)GZ
ss
R
which can be linearised so that the complement of Xss
(1)
in X(1)
is the proper transform of the subset φ−1(φ(GZ ss
R
)) of Xss where φ : Xss → X//G is the quotient map (see
[30] 7.17). Here we use the linearisation with respect to (a tensor power of) the pullback of the ample
line bundle L on X perturbed by a sufficiently small multiple of the exceptional divisor E(1). This will
give us an ample line bundle on the blow-up ψ : X(1) → X , and if the perturbation is sufficiently small it
will have the property that
ψ−1(Xs) ⊆ Xs(1) ⊆ X
ss
(1) ⊆ ψ
−1(Xss) = X(1).
Moreover no point of Xss
(1)
is fixed by a reductive subgroup of G of dimension at least r, and a point in
Xss
(1)
is fixed by a reductive subgroup R of dimension less than r inG if and only if it belongs to the proper
transform of the subvariety Z ss
R
of Xss.
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The construction of [30] in the reductive case can be modified in the non-reductive setting to prove the
following result [2], which applies to any well adapted linear action of a linear algebraic group H with
internally graded unipotent radical.
Theorem 2.11. Let X, L,H, Uˆ, χ define a well-adapted linear action as at Definition 2.8.
(1) There is a sequence of blow-ups of X along H-invariant projective subvarieties (which appear as
the closures of H-sweeps of intersections with ZGm of fixed point sets of subgroups of U) resulting
in a projective variety Xˆ with a well adapted linear action of H (with respect to a power of an
ample line bundle given by tensoring the pullback of L with small multiples of the exceptional
divisors for the blow-ups) which satisfies the condition (∗) so that Theorem 2.9 applies, giving
us a projective geometric quotient
Xˆ//Uˆ = Xˆ
s,Uˆ
min+
/Uˆ
and its (reductive) GIT quotient Xˆ ≈H = (Xˆ ≈Uˆ) ≈R¯ = (Xˆ ≈Uˆ)//R¯ where R¯  H/Uˆ  R/λ(Gm).
(2) Moreover there is a sequence of further blow-ups along H-invariant projective subvarieties (ap-
pearing as the closures of H-sweeps of connected components of pre-images of fixed point
sets of reductive subgroups of R¯ acting on Xˆ//Uˆ), resulting in a projective variety X˜ satis-
fying the same conditions as Xˆ and in addition H-stability=H-semistability, so that X˜//H =
Proj(⊕∞
m=0
H0(X, L⊗cmmχ )
H) is the geometric quotient by H of the H-invariant open subset X˜
s,H
min+
.
3. Moment maps for non-reductive groups
3.1. Moment maps for Uˆ actions. Suppose that Y is a compact Ka¨hler manifold with a holomorphic
action of a complex reductive Lie group G; then G is the complexification of any maximal compact
subgroup K of G. Recall that the dual k∗ = HomR(k,R) of the Lie algebra k of K embeds naturally in the
complex dual g∗ = HomC(k,C) of the Lie algebra g = k ⊗ C of G, as k
∗ = {ξ ∈ g∗ : ξ(k) ⊆ R}.
Remark 3.1. For a real or complex vector space V the notation V∗
(R)
= HomR(V,R) will denote the
real dual space, and for a complex V we set V∗
(C)
= HomC(V,C) for the complex dual space. By slightly
abusing this notation, we will often write simply V∗ for the dual when it is clear from the context whether
we mean real or complex dual.
From the viewpoint of symplectic geometry it is customary to fix a maximal compact subgroup K ofG
and assume that the Ka¨hler form on Y is K-invariant; then we can ask for a moment map for the K-action.
For any maximal compact subgroup K of G and any Ka¨hler form ω on Y we can average ω over K using
Haar measure to obtain a K-invariant Ka¨hler form ωK , and ask for a K-moment map µK : Y → k
∗ for this
new Ka¨hler form. Any other maximal compact subgroup of G is given by K′ = gKg−1 for some g ∈ G,
and then ωK′ = g
∗(ωK) is K
′-invariant and if µK exists then µK′ = Ad
∗(g) ◦ µK ◦ g
−1 is a K′-moment
map with respect to ωK′ , where Ad
∗ denotes the co-adjoint action of G on the complex dual g∗ of its Lie
algebra and k∗ is embedded in g∗ as above.
So to define a ‘moment map’ for the G-action on Y , instead of fixing a Ka¨hler form it is natural to ask
for a G-orbit Ω in
{(K, ω) ∈ KG × Ka¨hler(Y) : ω is K-invariant}
where Ka¨hler(Y) is the space of Ka¨hler forms on the complex manifold Y and
KG = {K|K is a maximal compact subgroup of G}.
10 GERGELY BE´RCZI AND FRANCES KIRWAN
We can call such an Ω a G-equivariant Ka¨hler structure on Y , and we can define a moment map for the
G-action on (Y,Ω) to be a G-equivariant map
µG : Ω × Y → g
∗
such that µG(K, ω, x) = µ(K,ω)(x) for each K ∈ KG and x ∈ Y , where µ(K,ω) : Y → g
∗ is the composition
of a moment map for the action of K on (Y, ω) with the canonical embedding described above of the
dual of the Lie algebra of K in g∗. We can write the condition on the derivative of the moment map
composed with this embedding as the requirement that if a ∈ g and ξ ∈ TxY then the derivative of the
complex-valued function given by evaluating this composition at a takes ξ to
(4) (ηω,x(ax, ξ) − ηω,x(ιK(a)x, ξ))/2i,
where ηω,x is the value at x of the Hermitian metric on Y determined by the K-invariant Ka¨hler form ω,
while ιK is the K-invariant involution on g with fixed point set k, and x 7→ ax is the holomorphic vector
field on Y determined by the infinitesimal action of G. Note that if a ∈ k then (4) is real and equal to
ωx(ax, ξ). This is a natural point of view to take when we wish to extend the notion of a moment map to
non-reductive linear algebraic groups with internally graded unipotent radicals, in particular if we wish
to construct quotients of open subsets of Y by holomorphic actions of such groups.
Remark 3.2. When a reductive group G acts linearly on a complex projective variety Y ⊆ Pn via a
representation ρ : G → GL(n + 1) then we can choose a G-equivariant Ka¨hler structure Ω ⊆ KG ×
Ka¨hler(Y) in the sense just described, such that
i) for each maximal compact subgroup K of G and Ka¨hler form ω on Y such that (K, ω) ∈ Ω there is a
K-invariant hermitian inner product 〈 , 〉K on C
n+1 with respect to which ρ(K) acts unitarily, and ω is the
associated Fubini–Study form;
ii) there are moment maps µ(K,ω) : Y → Lie(K)
∗ for each (K, ω) ∈ Ω giving µG : Ω × Y → g
∗ as above
with
µ(K,ω)([y]).a =
〈y, ρ(a)y〉K
2πi||y||2
for a ∈ g and [y] ∈ Y ⊆ Pn;
iii) the G-stable and G-semistable loci of Y can be described in terms of the G-equivariant map µG :
Ω × Y → g∗ as
Y s = {x ∈ Y : 0 ∈ µG(Ω × {x}) and dimStabG(x) = 0}
and
Y ss = {x ∈ Y : 0 ∈ µG(Ω ×Gx)};
iv) we can define S -equivalence as usual on Y ss as x ∼ y if and only if the closures ofGx andGymeet
in Y ss, and then for any (K, ω) ∈ Ω the inclusion of µ−1
(K,ω)
(0) in Y ss induces an identification
µ−1(K,ω)(0)/K  Y
ss/∼  Y//G.
Suppose now that Y is a compact Ka¨hler manifold with a holomorphic action ofG = KC and thatG has
a subgroup Uˆ = U ⋊C∗ with internally graded unipotent radical U, such that K ∩ Uˆ = S 1 is the maximal
compact subgroup of the one-parameter subgroup C∗ of Uˆ. Then the Lie algebra of Uˆ decomposes as a
real vector space as
(5) uˆ = R ⊕ iR ⊕ u
where Lie(K ∩ Uˆ) = iR and u is the Lie algebra of the (complex) unipotent group U.
Suppose X ⊂ Y is a compact complex submanifold invariant under the Uˆ action. Suppose that K
preserves the Ka¨hler form ω on Y and therefore S 1 = K ∩ Uˆ preserves the Ka¨hler structure on X given
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by its restriction. The Ka¨hler form ω makes Y and X into symplectic manifolds acted on by K and S 1
respectively and in addition gives Y a K-invariant and X an S 1-invariant Riemannian metric. Assume
that a moment map
µK : Y → k
∗ = k∗(R)
exists for the action of K on Y , whose composition µG : Y → g
∗ = g∗
(C)
with the embedding k∗ = k∗
(R)
→
g∗
(C)
= g∗ defines for us a ‘moment map’ for the action of G on Y . Composing this with the inclusion of
X in Y and the restriction map g∗ = g∗
(C)
→ uˆ∗
(C)
= uˆ∗ = C ⊕ u∗ = R ⊕ iR ⊕ u∗, where u∗ = u∗
(C)
, we get a
diagram
(6) X
µG
//
µUˆ
&&▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼ g
∗ = k∗ ⊕ ik∗

uˆ∗ = R ⊕ iR ⊕ u∗
.
We will allow the addition of a rational character (that is, a rational multiple of the derivative of a group
homomorphism Uˆ → C∗) to this ‘moment map’ µUˆ : X → uˆ
∗.
Let µλ(S 1) be the moment map for the action of λ(S
1) given by composing µK with the restriction map
k∗ → Lie(S 1) = R and adding the corresponding rational character.
Remark 3.3. (i) Indeed, in the Ka¨hler setting there is no reason not to allow real multiples, rather than
only rational ones, here.
(ii) Cf. [18].
Definition 3.4. In these circumstances let
Zmin(X) =
{
x ∈ X
x is fixed by λ(Gm) and
µλ(S 1)(x) is the minimal value taken by µλ(S 1) on X
}
and
X0min := {x ∈ X | p(x) ∈ Zmin(X)} where p(x) = lim
t→0
t∈Gm
t · x for x ∈ X.
We will say that ‘semistability coincides with stability’ for the action of U on X if Zmin(X) ⊆ Zmin(Y) and
(7) StabU(z) = {e} for every z ∈ Zmin(X).
As in the algebraic situation (cf. Definition 2.6), (7) holds if and only if we have StabU(x) = {e} for all
x ∈ X0
min
.
Definition 3.5. We will say that a ‘moment map’ µUˆ , obtained as above, defines a well adapted Hamil-
tonian action of Uˆ on X if the minimal value ωmin taken by µλ(S 1) on X satisfies ωmin < 0 ≤ ωmin + ǫ for
sufficiently small ǫ > 0. As in Definition 2.8, how small ǫ is required to be will depend on the situation.
We will say that a property P holds for well adapted Hamiltonian actions of Uˆ on X obtained as above
(where µUˆ : X → uˆ
∗ is the sum of a rational character of Uˆ and the restriction to X of the composition
of a moment map for the K action on Y with the natural embedding k∗ → g∗ and the restriction map
g∗ → uˆ∗), if there exists ǫ(P) > 0 such that property P holds for any choice of rational character for
which ωmin < 0 ≤ ωmin + ǫ(P).
A well-adapted Hamiltonian action of a linear algebraic group H on a connected compact Ka¨hler
manifold X is given by ingredients X, Y, ω, ρ : H → G, Uˆ, µH where
(1) (Y, ω) is a Ka¨hler manifold with a holomorphic action of G = KC and ω is K-invariant;
(2) X is a complex submanifold of Y;
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(3) H = U ⋊ R is a linear algebraic group and its unipotent radical U is internally graded by λ :
C∗ → Z(R), giving Uˆ = U ⋊ λ(C∗) 6 H;
(4) ρ : H → G is a homomorphism such that X is invariant under the induced action of H on Y;
(5) µH : X → Lie(H)
∗ is the sum of a rational character of H and the restriction to X of the com-
position of a moment map for the K action on Y with the natural embedding k∗ → g∗ and
ρ∗ : g∗ → Lie(H)∗;
(6) the composition of µH : X → Lie(H)
∗ with the restriction map Lie(H)∗ → uˆ∗ gives us a well
adapted Hamiltonian action of Uˆ on X in the sense above.
The moment map for the action of λ(C∗) given by composing µH with the restriction map Lie(H)
∗ →
Lie(λ(C∗))∗ takes the constant value ωmin on Zmin(X). There is a moment map
(8) µR/λ(C∗) : Zmin(X)→ Lie(R/λ(C
∗))∗
for the induced action of R/λ(C∗) on Zmin(X) given by composing the restriction of µH to Zmin(X) with
Lie(H)∗ → Lie(R)∗ and identifying Lie(R/λ(C∗))∗ first with the kernel of Lie(R)∗ → Lie(λ(C∗))∗ and
then by translation with the pre-image of ωmin in Lie(R)
∗.
Definition 3.6. We will say that ‘semistability coincides with stability’ for the action of H on X if
semistability coincides with stability for the action of U on X in the sense of Definition 3.4, and in
addition 0 is a regular value for the moment map µR/λ(C∗) : Zmin(X) → Lie(R/λ(C
∗))∗ defined at (8) for
the induced action of R/λ(C∗) on Zmin(X).
We are particularly interested in these ‘moment maps’ µUˆ : X → u
∗ (or the corresponding Uˆ-
equivariant map µUˆ : Ω × X → uˆ
∗, where Ω is the Uˆ-orbit of (S 1, ω|X) in KUˆ × Ka¨hler(X)), and
more generally µH : X → Lie(H)
∗, in the special case when X is a nonsingular projective variety in
Y = P(Cn+1) with a linear H action acting via a homomorphism ρ : H ֒→ GL(n + 1,C), and X is H-
invariant. Here K is the unitary group U(n+1) and its Lie algebra k = u(n+1) consists of matrices A such
that A = −A¯T . We assume that a maximal compact subgroup of H containing the circle λ(S 1) 6 Uˆ pre-
serves the standard U(n+1)-invariant hermitian inner product 〈 , 〉 on Cn+1, and we use the corresponding
Fubini-Study metric on Pn to define the Uˆ-moment map µUˆ : X → uˆ
∗ which satisfies
µUˆ([x]) · a =
1
2πi||x||2
x¯Tρ∗(a)x ∈ C for all a ∈ Uˆ
where · denotes the natural pairing between the complex dual of the Lie algebra uˆ and the Lie algebra
itself. The real and imaginary parts can be written as
Re(µUˆ([x]) · a) =
1
4πi||x||2
(x¯T (ρ∗(a) − ρ∗(a)
T
)x , Im(µUˆ([x]) · a) =
1
4πi||x||2
x¯T (ρ∗(a) + ρ∗(a)
T
)x.
Let ξ ∈ TxS
2n+1 be a tangent vector to the unit sphere S 2n+1 ⊆ Cn+1 at x ∈ S 2n+1 representing the tangent
vector [ξ] at [x] ∈ Pn. Then
(9) 2πidµUˆ([x])([ξ]) · a = x¯
Tρ∗(a)ξ + ξ¯
Tρ∗(a)x = 〈ρ∗(a)
T
x, ξ〉 + 〈ξ, ρ∗(a)x〉
where 〈 , 〉 denotes the standard Hermitian inner product satisfying 〈ξ, χ〉 = ξ¯Tχ = 〈χ, ξ〉. Hence
4πiRe(dµUˆ ([x])([ξ]) · a) = 〈ρ∗(a)
T
x, ξ〉 − 〈ξ, ρ∗(a)
T
x〉 + 〈ξ, ρ∗(a)x〉 − 〈ρ∗(a)x, ξ〉 =
= 〈(ρ∗(a)
T
− ρ∗(a))x, ξ〉 + 〈(ξ, (ρ∗(a) − ρ∗(a)
T
)x〉.
Remark 3.7. These calculations generalise straightforwardly when Uˆ is replaced with H.
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3.2. A slice for the action of U. Let X be a compact complex submanifold of Y , where (Y, ω) is a Ka¨hler
manifold with a holomorphic action of a complex reductive group G = KC such that the Ka¨hler form ω
is invariant under the maximal compact subgroup K of G. Suppose that ρ : H → G is a homomorphism
where the unipotent radical U of the linear algebraic group H is internally graded by λ : C∗ → H with
Uˆ = U ⋊ λ(C∗), and that X is H-invariant. Suppose also that K ∩ Uˆ = λ(S 1) is the maximal compact
subgroup of the one-parameter subgroup λ(C∗) of Uˆ, and that H has a maximal compact subgroup Q
containing λ(S 1) whose image under ρ is contained in K. Assume that a moment map µK : Y → k
∗ exists
for the action of K on Y , and let µH : X → Lie(H)
∗ be the sum of a rational character of H and the
restriction to X of the composition of µK with the natural embedding k
∗ → g∗ and ρ∗ : g∗ → Lie(H)∗. Let
µU : X → u
∗ be the composition of µH with the restriction map Lie(H)
∗ → u∗.
Remark 3.8. Note that U has no nontrivial characters.
A crucial ingredient in the proof of Theorem 1.1 is the following result.
Proposition 3.9. Suppose that µH : X → Lie(H)
∗ defines a well adapted Hamiltonian action of H on X,
and that semistability coincides with stability for the action of H, in the sense of Definitions 3.5 and 3.6.
Then there is some δ > 0 such that
i) the intersection µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) of µ−1
U
(0) with the open subset of X where µλ(S 1) < δ is a
Q-invariant symplectic submanifold of X;
ii) the U-sweep Wδ = U(µ
−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ)) of µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) is an open subset of X
containing µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) as a closed submanifold;
iii) µ−1
U
(0)∩ µ−1
λ(S 1)
(−∞, δ) is a slice for the action of U on the open subset Wδ of X, in the sense that if
u ∈ U and ux ∈ µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) for some x ∈ µ−1
U
(0) with µλ(S 1)(x) < δ, then u = 1;
iv) the inclusion of µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) in Wδ induces a homeomorphism µ
−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) 
Wδ/U.
Remark 3.10. This complements [29] 7.2, which covers the case when H = G = KC is reductive
and does not require the action to be well adapted or to satisfy semistability=stability, showing that if
x ∈ µ−1
K
(0) then Gx ∩ µ−1
U
(0) = Kx.
Proof. We can assume, for simplicity and without essential loss of generality, that X = Y , that H is a
subgroup of G, that ρ is the inclusion of H in G, that Q = H ∩ K, that R = QC is a Levi subgroup of H
with H = U ⋊ R and that λ(C∗) is a central one-parameter subgroup of R.
Let us fix a K-invariant inner product on k (defined over the rationals), and use it and its complexifica-
tion to identify the Lie algebras under consideration with their (real or complex) duals.
Suppose that x ∈ X0
min
and u ∈ U are such that x ∈ µ−1
U
(0) and ux ∈ µ−1
U
(0). Then u = exp b where
b ∈ u. We wish to show that b = 0.
For fixed a, b ∈ u let h(a,b) : R→ R be defined by
h(a,b)(t) = Re(µU(exp(tb)x) · a).
By (4) the derivative of h(a,b)(t) at t0 is given by
dh(a,b)
dt
(t0) = Re(dµU(y)(by) · a) = Re(ηω,y(ay, by) − ηω,y(ιK(a)y, by))/2i)
where y = exp(t0b)x. Here ηω,y is the value at y of the Hermitian metric determined by the K-invariant
Ka¨hler form ω, while ιK is the K-invariant involution on g with fixed point set k, and x 7→ ax is the
holomorphic vector field on Y determined by the infinitesimal action of G.
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To prove (iii) it suffices to show that if b , 0 and we choose a to be ib then Re(dµU(y)(by) · a) > 0
whenever y is sufficiently close to Zmin(X). For then the assumption that the action is well adapted means
that there is some δ > 0 and some δ′ > 0 such that Re(dµU (y)(b) · ib) > δ
′ whenever b ∈ u has norm 1 and
µλ(S 1)(y) < δ, and then we cannot have x ∈ µ
−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) and exp(tb)x ∈ µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ)
unless t = 0.
When a = ib then
Re(dµH(y)(by) · a) = Re((ηω,y(iby, by) − ηω,y(ιK(ib)y, by))/2i) = ηω,y(by, by)/2 − Im(ηω,y(ιK(ib)y, by))/2.
We have ηω,y(by, by) > 0 unless by = 0, and the assumption that semistability coincides with stability for
the H-action tells us that by , 0 for y sufficiently close to Zmin(X). Moreover the conditions that λ(C
∗)
acts on u with only strictly positive weights and that Zmin(X) ⊆ Zmin(Y) ensure that if y ∈ Zmin(X) then
ιK(ib)y = 0 and hence Im(ηω,y(ιK(ib)y, by)) = 0. Thus Re(dµU(y)(by) · a) > 0 whenever y is sufficiently
close to Zmin(X), as required.
Therefore we have δ > 0 such that (iii) holds and by , 0 for every nonzero b ∈ u and ywith µλ(S 1)(y) <
δ. (i) then follows from the definition of µU and the fact that U-orbits are complex submanifolds of X.
(ii) and (iv) follow since the derivative of the map
U × µ−1U (0) ∩ µ
−1
λ(S 1)
(−∞, δ)→ X
given by (u, x) 7→ ux is bijective at every (u, x), so by (iii) this map is a homeomorphism onto an open
subset of X.

We have the following corollary to the proof of Proposition 3.9.
Corollary 3.11. Under the assumptions of Proposition 3.9, the Uˆ-stabilizer StabUˆ(x) is finite for all
x ∈ µ−1
Uˆ
(0), and the inclusion of µ−1
Uˆ
(0) in the open subset Uˆµ−1
Uˆ
(0) of X induces a homeomorphism
between the orbit space Uˆµ−1
Uˆ
(0)/Uˆ and the symplectic quotient µ−1
Uˆ
(0)/S 1 of µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) by
the action of λ(S 1).
Proof. This follows from Proposition 3.9, together with the reductive case [29] 7.2 applied to the action
of λ(S 1) on the symplectic submanifold µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) of X, and the fact that µ−1
Uˆ
(0) ⊆ µ−1
U
(0) ∩
µ−1
λ(S 1)
(−∞, δ). 
Remark 3.12. The same argument applied to the action of Q on µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) tells us, under
the assumptions of Proposition 3.9, that Hµ−1
H
(0) is an open subset of X, that the H-stabiliser of any
x ∈ Hµ−1
H
(0) is finite, and that the inclusion of µ−1
H
(0) in Hµ−1
H
(0) induces a homeomorphism between the
orbit spaces Hµ−1
H
(0)/H and the symplectic quotient µ−1
H
(0)/Q of µ−1
U
(0) ∩ µ−1
λ(S 1)
(−∞, δ) by the action of
Q.
Next we return to the algebraic situation and study the connection between Uˆµ−1
Uˆ
(0) and Xs,Uˆ =
X0
min
\ UˆZmin. We first show that the former is an open subset of the latter.
Proposition 3.13. Let X be a nonsingular complex projective variety in P(Cn+1) endowed with a well-
adapted linear action of the graded unipotent group Uˆ = U ⋊C∗ acting via the homomorphism ρ : Uˆ ֒→
GL(n + 1,C) such that semistability coincides with stabililty for the action of Uˆ. Then
(1) µ−1
Uˆ
(0) is a real submanifold of Xs,Uˆ = X0
min
\ UˆZmin;
(2) Uˆµ−1
Uˆ
(0) is an open subset of Xs,Uˆ .
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Proof. To prove (1) we recall that
Xs,Uˆ = Xss,Uˆ = {x ∈ X0min : dim StabUˆ(x) = 0}.
Since µGm = j
∗ ◦ µUˆ (where j
∗ : uˆ∗ → Lie(Gm)
∗ is the restriction map), we have
µ−1
Uˆ
(0) ⊆ µ−1Gm(0) ⊆ X
s,C∗ = X0min \ Zmin ⊂ X
0
min.
Corollary 3.11 now shows that µ−1
Uˆ
(0) ⊆ Xs,Uˆ . Since dim StabUˆ(x) = 0 for every x ∈ µ
−1
Uˆ
(0), it follows
from the definition (9) of µUˆ that its derivative is surjective on µ
−1
Uˆ
(0) and so µ−1
Uˆ
(0) is a real submanifold
of Xs,Uˆ . For if its derivative were not surjective at [x] ∈ µ−1
Uˆ
(0) represented by x ∈ S 2n+1 then by (9) there
would exist a ∈ uˆ \ {0} such that
0 = x¯Tρ∗(a)ξ + ξ¯
Tρ∗(a)x = 〈ρ∗(a)
T
x, ξ〉 + 〈ξ, ρ∗(a)x〉
for every ξ representing a tangent vector at [x]. Replacing ξ with iξ we deduce that 〈ξ, ρ∗(a)x〉 = 0
for every ξ, and hence a would lie in the Lie algebra of the stabiliser of [x] in Uˆ, This contradiction
completes the proof of (1).
For (2) note that Xs,Uˆ is Uˆ-invariant and therefore by (1)
Uˆµ−1
Uˆ
(0) ⊂ Xs,Uˆ .
We now show that Uˆµ−1
Uˆ
(0) ⊂ X contains an open neighbourhood of µ−1
Uˆ
(0) in X, and hence Uˆµ−1
Uˆ
(0) is
an open subset of Xs,Uˆ . Consider the map
α : uˆ × µ−1
Uˆ
(0) → X, (b, [x]) 7→ exp(b)[x].
This is a smooth map of smooth manifolds, so it is enough to show that its derivative at (1, [x]) is
surjective for any [x] ∈ µ−1
Uˆ
(0) represented by x ∈ S 2n+1. If not, then there would exist a nonzero
[ξ] ∈ T[x]X such that 〈ξ, χ〉 = 0 for all χ ∈ Im(dα(1, [x])). Taking χ = a[x] for a ∈ uˆ gives us
ξ ∈ ker dµUˆ(0) = Tx(µ
−1
Uˆ
(0))
by the argument used to prove (1), and hence ξ ∈ Im(dα(1, x)), a contradiction.

We are now ready to prove the main theorem when H = Uˆ.
Theorem 3.14. Let X be a nonsingular complex projective variety in P(Cn+1) endowed with a well-
adapted linear action of the graded unipotent group Uˆ = U ⋊ C∗ acting via the homomorphism ρ :
Uˆ ֒→ GL(n + 1,C) such that condition (∗) holds. Then the embedding Uˆµ−1
Uˆ
(0) ֒→ Xs,Uˆ induces a
homeomorphism
µ−1
Uˆ
(0)/S 1 ≃ X//Uˆ .
Remark 3.15. Here X is by assumption connected.
Proof. According to Lemma 3.13 (2) the quotient Uˆµ−1
Uˆ
(0)/Uˆ is an open subset of the projective variety
Xs,Uˆ/Uˆ = X//Uˆ, and Uˆµ−1
Uˆ
(0)/Uˆ is nonempty by the well adapted assumption. But by Proposition 3.9
Uˆµ−1
Uˆ
(0)/Uˆ is homeomorphic to µ−1
Uˆ
(0)/S 1, which is compact, while the complement of Xs,Uˆ in X has
real codimension at least two and so Xs,Uˆ and its quotient Xs,Uˆ/Uˆ are connected. Hence the embedding
µ−1
Uˆ
(0)/S 1 ֒→ X//Uˆ is surjective. Moreover it is a continuous bijection from a compact space to a
Hausdorff space, and therefore is a homeomorphism. 
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Corollary 3.16. Up to multiplication of the Ka¨hler form by a positive constant, the homeomorphism
µ−1
Uˆ
(0)/S 1  Uˆµ−1
Uˆ
(0)/Uˆ = X//Uˆ is an isomorphism of compact Ka¨hler orbifolds with respect to the
complex structure induced on the quotient Uˆµ−1
Uˆ
(0)/Uˆ, the Ka¨hler form induced on µ−1
Uˆ
(0)/S 1 by re-
stricting the S 1-invariant Fubini–Study Ka¨hler form ω on X to µ−1
Uˆ
(0) and the Ka¨hler structure on X//Uˆ
given by the induced Fubini–Study form for a projective embedding defined by the Uˆ-invariant sections
of suitable powers of the line bundle L.
Proof. The restriction of the S 1-invariant Fubini–Study Ka¨hler form ω on X to µ−1
Uˆ
(0) is a closed S 1-
invariant 2-form which is degenerate precisely along the S 1-orbits in µ−1
Uˆ
(0), and thus descends to a
symplectic form on µ−1
Uˆ
(0)/S 1. This symplectic form is compatible with the complex structure induced
on the quotient Uˆµ−1
Uˆ
(0)/Uˆ , and the Ka¨hler structure they define corresponds up to multiplication by a
positive constant to the induced Fubini–Study form for a projective embedding defined by the Uˆ-invariant
sections of suitable powers of the line bundle L. 
3.3. Moment maps for H actions. Now suppose that Y is a compact Ka¨hler manifold with a holomor-
phic action of a complex reductive Lie group G = KC, and that H = U ⋊ R is a linear algebraic subgroup
of G with internally graded unipotent radical U. As before suppose that λ : C∗ → R is a central one-
parameter subgroup of the Levi subgroup R of H which grades U, with Uˆ = U ⋊ λ(C∗) 6 H. Suppose
also that K ∩ H = Q is a maximal compact subgroup of R = QC. Then as before the Lie algebra of Uˆ
decomposes as a real vector space as uˆ = R ⊕ iR ⊕ u where Lie(K ∩ Uˆ) = iR and u is the Lie algebra of
U, while the Lie algebra of H decomposes as
(10) Lie(H) = Lie(Q) ⊕ iLie(Q) ⊕ u = (Lie(λ(S 1)) ⊕ Lie(Q¯)) ⊕ i(Lie(λ(S 1)) ⊕ Lie(Q¯)) ⊕ u,
where Q¯ is a subgroup of Q such that (at least on the level of Lie algebras) Q is the product of Q¯ and
λ(S 1).
Suppose that X ⊂ Y is a compact complex submanifold of Y which is invariant under the H action.
Assume that the maximal compact subgroup K of G preserves the Ka¨hler structure on Y , so that the
maximal compact subgroup Q = K ∩ H preserves the induced Ka¨hler structure on X. Assume also that
a moment map
µK : Y → k
∗
exists for the action of K on Y . Composing this with the canonical embedding of the real dual k∗ into
the complex dual g∗ and the restriction maps g∗ → Lie(H)∗ and Lie(H)∗ → uˆ∗, we get the following
extended diagram
(11) X
µG
//
µH
((◗
◗◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗ g∗ = Lie(K)∗ ⊕ iLie(K)∗
p∗
1

Lie(H)∗ = uˆ∗ ⊕ Lie(R/C∗)
p∗
2

p∗
3
++❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
uˆ∗ Lie(R¯) = Lie(Q¯) ⊕ iLie(Q¯)
where R¯ is the complexification of Q¯ and µUˆ = p
∗
2
◦ µH while µR¯ = p
∗
3
◦ µH .
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3.4. Proof of Theorem 1.1 in full generality. In this subsection we prove Theorem 3.14 for the more
general situation when (X, L,H, Uˆ, χ) is a well-adapted linear action satisfying H-stability=H-semistability
(see Definition 2.10). The diagram above gives that
µ−1H (0) = µ
−1
Uˆ
(0) ∩ µ−1
R¯
(0)
where both sides are Q-invariant, and hence
(12) µ−1H (0)/Q  ((µ
−1
Uˆ
(0) ∩ µ−1
R¯
(0))/S 1)/(Q/S 1).
Let
µR/C∗ : µ
−1
Uˆ
(0)/S 1  X//Uˆ → Lie(Q/S 1)∗ → Lie(R/C∗)∗
denote the moment map on the GIT quotient X//Uˆ with respect to the residual action of R/C∗ = (Q/S 1)C.
There are canonical identifications of Lie(Q/S 1) with Lie Q¯ and of Lie(R/C∗) with Lie R¯, such that µR/C∗
pulls back to µR¯ on µ
−1
Uˆ
(0). Then (12) together with Theorem 3.14 and its reductive version for the
reductive group R/C∗ gives
X//H  (X//Uˆ)//(R/C∗)  µ−1R/C∗(0)/(Q/S
1)  µ−1H (0)/Q.
Thus we have
Theorem 3.17. Let (X, L,H, Uˆ, χ) be a well-adapted linear action of a linear algebraic group H =
U ⋊ R with internally graded unipotent radical U on a projective variety X satisfying H-stability=H-
semistability. Then there is an inclusion µ−1
H
(0) ֒→ Xs,H which induces a homeomorphism
µ−1H (0)/Q ≃ X//H
where Q is a maximal compact subgroup of H.
4. Morse inequalities and Betti numbers
We recall some basic facts on perfect Morse stratifications, following [29]. For a topological space Y
endowed with a G-action let
Pt(Y) =
∑
i≥0
ti dimHi(Y,Q) and PGt (Y) =
∑
i≥0
ti dimHiG(Y,Q)
denote its rational Poincarie´ series and equivariant Poincare´ series.
4.1. Morse inequalities. Given a smooth stratification X = ∪β∈BS β of the manifold X in the sense of
[29], we can build up the cohomology of X inductively from the cohomology of the strata. There is a
Thom-Gysin sequence relating the cohomology of the stratum S β and of the open subsets ∪γ<βS γ and
∪γ≤βS γ of X. These give us the Morse inequalities which can be expressed as follows. Assume that each
component of any stratum S β has the same codimension, say d(β), in X. Then∑
β∈B
td(β)Pt(S β) − Pt(X) = (1 + t)R(t)
where R(t) is a series with non-negative integer coefficients. The stratification is called perfect if the
Morse inequalities are equalities, that is, if
Pt(X) =
∑
β∈B
td(β)Pt(S β).
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If the space X is acted on by a topological group G then the equivariant cohomology H∗
G
(X,Q) is
define as the ordinary cohomology of the topological quotient EG×G X where EG is a contractible space
equipped with a free G-action (i.e. the total space of the universal G-bundle EG → BG):
H∗G(X;Q) = H
∗(EG ×G X;Q).
For any smooth G-invariant stratification X = ∪β∈BS β we obtain equivariant Morse inequalities∑
β∈B
td(β)PGt (S β) − P
G
t (X) = (1 + t)RG(t)
where again RG(t) has non-negative coefficients. The stratification is called equivariantly perfect if these
are equalities; that is, RG(t) = 0.
In [29] it is shown that the normsquare of a moment map f = ||µ||2 for a Hamiltonian action of a com-
pact group K on a compact symplectic manifold X is equivariantly perfect. K is homotopy equivalent to
its complexification G = KC so G-equivariant cohomology is the same as K-equivariant cohomology for
any G-space. In the GIT set-up the equivariant perfection of the normsquare of µ expresses the equivari-
ant Betti numbers of the semistable locus Xss inductively in terms of the equivariant Betti numbers of
the unstable strata and those of X itself. When Xs = Xss holds, the action of G on Xss is rationally free
(finite stabilisers) and therefore
H∗K(X
ss;Q) = H∗(Xss/G;Q) = H∗(X//G;Q)
holds which provides formulas for the Betti numbers of the GIT quotient.
We will use the following criterion due to Atiyah and Bott for a stratification to be equivariantly
perfect.
Lemma 4.1 ([1] 1.4, [29] 2.18). Let X = ∪β∈BS β be a smooth G-invariant stratification of X such that for
each β ∈ B the equivariant Euler class of the normal bundle to S β in X is not a zero divisor in H
∗
G
(S β,Q).
Then the stratification is equivariantly perfect over Q.
4.2. Betti numbers for Uˆ actions. Let X be a smooth projective variety endowed with a well-adapted
action of Uˆ for which semistability coincides with stability. We aim to prove that the simple stratification
X0min = X
s,Uˆ ∪ UˆZmin
is Uˆ-equivariantly perfect. We start with some technical lemmas.
Lemma 4.2 (See also [2]). If z ∈ Zmin and u ∈ U, then p(uz) = z and
uz ∈ Zmin iff u ∈ StabU(z).
Proof: If u = exp(ξ) for some ξ ∈ LieU which is a weight vector for the action of Gm, then this follows
by choosing coordinates on P(H0(X, L)∗) with respect to which the action of Gm is diagonal and the
infinitesimal action of ξ is in Jordan form. Moreover p is Gm-invariant and ZGm is fixed pointwise by Gm,
so both StabU(z) and {u ∈ U | uz ∈ ZGm} are invariant under conjugation by Gm, and the general result
follows. 2
Lemma 4.3. Suppose that the Uˆ-semistability=Uˆ -stability condition (∗) holds for the action of Uˆ on X.
Then
(1) the U-sweep UZmin = UˆZmin is a closed subvariety of X
0
min
;
(2) the equivariant Euler class of the normal bundle to UZmin in X
0
min
is not a zero divisor in
H∗
S 1
(UZmin).
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Proof. (1) It is well known (going back to Bialynicki-Birula [10] and beyond) that the restriction to
X0
min
\ Zmin of the Gm-invariant morphism p : X
0
min
→ Zmin factors through a projective morphism from
a geometric quotient (X0
min
\ Zmin)/Gm to Zmin, and the fibres of p can be identified with the affine cone
associated to the fibre of the morphism from this geometric quotient to Zmin; when X is nonsingular then
the fibres of p are affine spaces and the fibres of the geometric quotient (X0
min
\ Zmin)/Gm over Zmin are
weighted projective spaces.
Lemma 4.2 tells us that the fibre over x ∈ Zmin of p is isomorphic toU/StabU(x) = U. This is an affine
space of dimension dimU on which Gm acts with strictly positive weights, so the induced morphism
(UZmin \ Zmin)/Gm → Zmin
is a weighted projective bundle. In particular it follows that the embedding (UZmin \Zmin)/Gm → (X
0
min
\
Zmin)/Gm is closed, and hence so is the corresponding embedding of affine cones UZmin → X
0
min
.
(2) We want to show that the equivariant Euler class of the normal bundle N to UZmin in X
0
min
is not
a zero-divisor in H∗
S 1
(UZmin,Q). We saw in the proof of (1) that UZmin is an affine cone over Zmin and
therefore the latter is a deformation retract of the former, giving us the isomorphism
H∗
S 1
(UZmin,Q) ≃ H
∗
S 1
(Zmin,Q).
Under this isomorphism the equivariant Euler class of N is identified with the equivariant Euler class
of its restriction to Zmin. However, Zmin is a union of fixed points components of S
1 and therefore the
S 1-weights to the normal directions are all nonzero, proving that the S 1-equivariant Euler class, which
is the product of these normal weights, is nonzero. 
Lemma 4.1 and Lemma 4.3 give us
Corollary 4.4. The stratification X0
min
= Xs,Uˆ ∪ UZmin is equivariantly perfect over Q.
We are ready to prove
Theorem 4.5. Let X be a smooth projective variety endowed with a well-adapted action of Uˆ such that
condition (∗) holds. Then
Pt(X//Uˆ) = Pt(Zmin)
1 − t2d
1 − t2
.
where d = dim(X) − dim(U) − dim(Zmin).
Proof. We apply the Morse equalities for the S 1-equivariant Morse-stratification X0
min
= Xs,Uˆ ∪ UZmin,
where the codimension of the closed stratum UZmin in X
0
min
is d = dim(X) − dim(U) − dim(Zmin). Both
strata retract equivariantly onto Zmin, and hence we get
PS
1
t (X
s,Uˆ) = PS
1
t (Zmin)(1 − t
2d).
Finally we use that PS
1
t (Y) = Pt(Y)Pt(BS
1) = Pt(Y) ·
1
1−t2
holds for any Y with a trivial S 1 action to get
the final formula. 
4.3. Stratifications and Betti numbers for H actions. Let (X, L,H, Uˆ, χ) be a well-adapted linear ac-
tion of H = U ⋊ R on a projective variety X satisfying H-stability=H-semistability (where as usual X is
smooth and irreducible). The GIT quotient of X by this linear action of H is given by an iterated quotient
X//H = (X//Uˆ)//(R/λ(C∗)),
where λ : C∗ → R is the central one-parameter subgroup of R which grades the unipotent radical U of
H, and hence one way to compute Betti numbers of X//H is to apply the machinery of [29] for X//Uˆ
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acted on by the reductive group R/λ(C∗). We work out an example in detail in §6. Another method is
to generalise the simple Morse stratification of X//Uˆ described in the previous section to the H-action.
Let Z
s,R/λ(C∗)
min
⊂ Zmin denote the stable locus (which coincides with the semistable locus) for the residual
R/λ(C∗) action on Zmin.
Lemma 4.6. Assume that H-stability=H-semistability holds for the well-adapted H action on X, so that
Z
s,R/λ(C∗)
min
= Z
ss,R/λ(C∗)
min
. Then
(1) p−1(Z
s,R/λ(C∗)
min
) \ UZ
s,R/λ(C∗)
min
is an open H-invariant subset of Xs,H;
(2) p : p−1(Z
s,R/λ(C∗)
min
) → Z
s,R/λ(C∗)
min
is H-equivariant, and the induced map p¯ : (p−1(Z
s,R/λ(C∗)
min
) \
UZ
s,R/λ
min
(C∗))/H → Zmin//(R/λ(C
∗)) is a weighted projective bundle;
(3) X//H = (p−1(Z
s,R/λ(C∗)
min
) \ UZ
s,R/λ(C∗)
min
)/H.
Proof. For (1) note that the pre-image under p of a point z ∈ Zmin with finite R/λ(C
∗)-stabiliser has finite
H-stabiliser. The proof of (2) is similar to that of Lemma 4.3 (1). Finally, (3) is a consequence of the fact
that a nonempty Zariski-open subset of an irreducible projective variety is dense. 
Lemma 4.7. Suppose that H-semistablity=H-stability holds for a well-adapted action of Uˆ on X. Then
(1) the U-sweep UZ
s,R/λ(C∗)
min
= UˆZ
s,R/λ(C∗)
min
is a closed subvariety of p−1(Z
s,R/λ(C∗)
min
);
(2) the R-equivariant Euler class of the normal bundle to UZ
s,R/λ(C∗)
min
in p−1(Z
s,R/λ(C∗)
min
) is not a zero
divisor in H∗
R
(UZ
s,R/λ(C∗)
min
).
Proof. The proof of Lemma 4.3 applies here too. 
Theorem 4.8. Let X be a smooth projective variety endowed with a well-adapted action of H = U ⋊ R
such that H-stability=H-semistability holds and Z
s,R/λ(C∗)
min
= Z
ss,R/λ(C∗)
min
. Then
Pt(X//H) = Pt(Zmin//(R/λ))
1 − t2d
1 − t2
where d = dim(X) − dim(U) − dim(Zmin).
Proof. Let us introduce the shorthand notation X˜s,H = p−1(Z
s,R/λ(C∗)
min
) \ UZ
s,R/λ(C∗)
min
. Again, apply the
R-equivariant Morse equalities for the stratification p−1(Z
s,R/λ(C∗)
min
) = X˜s,H ∪ UZ
s,R/λ(C∗)
min
, where the codi-
mension of the closed stratum UZ
s,R/λ(C∗)
min
in p−1(Z
s,R/λ(C∗)
min
) is d = dim(X) − dim(U) − dim(Zmin). Both
strata retract onto Z
s,R/λ(C∗)
min
, and so
PRt (X˜
s,H) = PRt (Z
s,R/λ(C∗)
min
)(1 − t2d).
Note that the classifying space of R decomposes as BR = Bλ(C∗) × B(R/λ(C∗)), and thus PRt (Y) =
P
R/λ(C∗)
t (Y)P(BS
1) = P
R/λ(C∗)
t (Y)
1
1−t2
holds for any Y acted on by R/λ(C∗). Therefore
PRt (X˜
s,H) = P
R/λ(C∗)
t (Z
s,R/λ(C∗)
min
)
1 − t2d
1 − t2
= Pt(Zmin//(R/λ(C
∗)))
1 − t2d
1 − t2
.
On the other hand, by Lemma 4.7
PRt (X˜
s,H) = Pt(X˜
s,H/H) = Pt(X//H).

MOMENT MAPS AND COHOMOLOGY OF NON-REDUCTIVE QUOTIENTS 21
5. Cohomology and intersection pairings on non-reductive quotients
Let X be a smooth projective variety endowed with a well-adapted action of the graded group H =
U⋊R. Let TH
C
⊂ R be the maximal complex torus in the reductive part. We aim to relate cohomology and
intersection numbers of X//H to those of its abelianisation X//TH
C
. This section gives a non-reductive
version of the results of Martin [37].
5.1. Reductive abelianisation. We start with a brief summary of Martin’s results [37]. Suppose that
X is a compact symplectic manifold acted on by a compact Lie group K with maximal torus T in a
Hamiltonian fashion, with moment map µK : X → k
∗ = Lie(K)∗ for the action of K and induced moment
map µT : X → t
∗ for the action of T . In the algebraic (or more generally Ka¨hler) situation the symplectic
quotient µ−1(0)/K can be identified with the GIT (or Ka¨hler) quotient X//G of X by G = KC [29]. Let T
be a maximal torus of K and TC ⊂ G = K ⊗ C the corresponding complex maximal torus in G.
Definition 5.1. Let α ∈ t∗ be a weight of T , and let Cα denote the corresponding 1-dimensional repre-
sentation of T . Let Lα → X//TC denote the associated bundle
Lα := µ
−1
T (0) ×T Cα → X//TC,
whose Euler class is denoted by e(α) ∈ H2(X//TC) ≃ H
2
T
(X). The set of roots of G, that is, the set of
nonzero weights of the adjoint action on g, is denoted by ∆. We fix a choice ∆+ ⊂ ∆ of the set of positive
roots, and denote by ∆− the corresponding set of negative roots.
The following diagram of Martin [37] relates X//G and X//TC through a fibration and an inclusion:
(13) µ−1
K
(0)/T

 i
//
π

µ−1
T
(0)/T = X//TC
X//G = µ−1
K
(0)/K
Note that X//G and X//TC are symplectic manifolds, and hence possess compatible almost complex
structures, unique up to homotopy. The following proposition is the main technical result of [37].
Proposition 5.2. Suppose that 0 is a regular value of the moment map µK : X → Lie(K)
∗.
(1) The vector bundle ⊕α∈∆−Lα → X//TC has a section s, which is transverse to the zero section, and
whose zero set is the submanifold µ−1
K
(0)/T ⊂ X//TC. Therefore the normal bundle is
N(µ−1K (0)/T ⊂ X//TC) ≃ ⊕α∈∆−Lα|µ−1K (0)/T
(2) Let vert(π)→ µ−1
K
(0)/T denote the relative tangent bundle for π. Then
vert(π) ≃ ⊕α∈∆+Lα|µ−1
K
(0)/T .
(3) There is a complex orientation of µ−1
K
(0)/T such that the above isomorphisms are isomorphisms
of complex-oriented spaces and vector bundles, with respect to the complex orientations of X//G
and X//TC induced by their symplectic forms.
Remark 5.3. Recall that 0 is a regular value of µK if and only if the stabiliser in K of every x ∈ µ
−1
K
(0)
is finite, and in the algebraic situation this happens if and only if semistability coincides with stability
for the action of G = KC. If 0 is a regular value of µK it does not follow that 0 is a regular value of µT ,
but it does follow that the derivative of µT is surjective in a neighbourhood of µ
−1
K
(0), and so the normal
bundle to µ−1
K
(0)/T in X//TC is well defined, at least as an orbi-bundle.
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This proposition leads to a series of results relating the topology of X//G and X//TC. We assume for
simplicity that K acts freely on µ−1
K
(0), though the results can easily be generalised to the case when 0 is
a regular value of µK.
Theorem 5.4 (Cohomology rings [37] Theorem A). Suppose that K acts freely on µ−1
K
(0). There is a
natural ring isomorphism
H∗(X//G,Q) ≃
H∗(X//T,Q)W
ann(e)
.
Here W denotes the Weyl group of G which acts naturally on X//T; the class e ∈ H∗(X//T )W is the
product of all roots e =
∏
α∈∆ e(α) and ann(e) ⊂ H
∗(X//T,Q)W is the annihilator ideal
ann(e) = {c ∈ H∗(X//T,Q)W |c ∪ e = 0}.
Diagram (13) provides a natural lift of a cohomology class on X/G to a class on X/T , compatible with
the above isomorphism. We say that a˜ ∈ H∗(X//T ) is a lift of a ∈ H∗(X//G) if π∗a = i∗a˜.
Theorem 5.5 (Integration formula, [37] Theorem B). Suppose that K acts freely on µ−1
K
(0). Given a
cohomology class a ∈ H∗(X//G) with lift a˜ ∈ H∗(X//T ) , then∫
X//G
a =
1
|W |
∫
X//T
a˜ ∪ e,
where |W | is the order of the Weyl group of G, and e is the cohomology class defined in Theorem A.
5.2. A nonabelian localisation formula. Suppose as before that X is a compact symplectic manifold
acted on by a compact Lie group K in a Hamiltonian fashion, with moment map µK : X → Lie(K)
∗.
Recall that if the action of K on the zero level set µ−1
K
(0) is free (or has finite stabilisers) there is a
surjective map κ : H∗
K
(X;Q) → H∗(µ−1
K
(0)/K;Q) from the equivariant cohomology of X to the ordinary
cohomology of µ−1
K
(0)/K given by composing the restriction map on rational equivariant cohomology to
µ−1
K
(0) with an isomorphism between the rational equivariant cohomology of the latter and the ordinary
rational cohomology of µ−1
K
(0)/K [29]. In [25] a formula is given for the evaluation on the fundamental
class of µ−1
K
(0)/K of κ(η) for η ∈ H∗
K
(X;Q) whose degree is the dimension of µ−1
K
(0)/K, in terms of the
fixed point locus of a maximal torus T of K on X.
Theorem 5.6 (Localisation on reductive GIT quotients, [25],[15]). Suppose that 0 is a regular value
of µK. Given any equivariant cohomology class η on X represented by an equivariant differential form
η(z) whose degree is the dimension of µ−1
K
(0)/K, we have
∫
µ−1
K
(0)/K
κ(η) = nKJKRes
Λ
e2(z)
∑
F⊂F
∫
F
i∗
F
(η(z))
EulerT (NF)(z)
[dz]

In this formula z is a variable in tC so that a T-equivariant cohomology class can be evaluated at z,
and e(z) =
∏
γ∈∆+ γ(z) is the product of the positive roots. JKRes
Λ is a residue map which depends on a
choice of a cone Λ ⊂ t, F is the set of components of the fixed point set of the maximal torus T on X.
If F ∈ F , iF is the inclusion of F in X and Euler
T (NF) is the T-equivariant Euler class of the normal
bundle to F in X. Finally, nK is a rational constant depending on K and the size of the stabiliser in K of
a generic x ∈ X.
The precise definition of this residue map, whose domain is a suitable class of meromorphic differen-
tial forms on Lie(T ) ⊗ C), is given in Definition 8.5 of [25]. Here we give the description of Jeffrey and
Kogan [26].
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Let V be an r-dimensional real vector space and let A = {α1, . . . , αn} be a collection of (not necessarily
distinct) non-zero vectors in V∗. We consider αis as linear functions on V . Let Λ be a connected
component of V \
⋃n
i=1 α
⊥
i
, where α⊥
i
= {v ∈ V |αi(v) = 0}. By this choice we have for all i that either
αi ∈ Λ
v or −αi ∈ Λ
v, where Λv = {β ∈ V∗|β(v) > 0,∀v ∈ Λ} is the dual cone of Λ. Let ξ ∈ Λ and choose
a basis {z1, . . . , zr} of V
∗ such that z1(ξ) = 1 and z2(ξ) = . . . = zr(ξ) = 0. Let ε = ε1z1 + . . . + εrzr ∈ V
∗
and let P ∈ R[V] be a polynomial.
Definition 5.7. J-K residue [25, 26, 40] We define
Res+z1 =
P(z)eε(z)∏n
i=1 αi(z)
dz1 =

Resz1=∞
P(z)eε(z)∏n
i=1 αi(z)
dz1 if ε1 ≥ 0
0 if ε < 0
where z2, . . . , zr are taken to be constants when we take the residue with respect to z1. The residue map
is then defined as
JKResΛ
P(z)eε(z)∏n
i=1 αi(z)
dz =
1
det[(zi, z j)]
r
i, j=1
Res+zr
(
. . .
(
Res+z1
P(z)eε(z)∏n
i=1 αi(z)
dz1
)
. . .
)
dzr
where det[(xi, x j)]
r
i, j=1
is the Gram determinant with respect to a fixed scalar product on V∗.
In short, after fixing coordinates and an inner product on V = t, and a cone Λ ⊂ t, the J-K residue
in Theorem 5.6 can be interpreted as an iterated residue over those components of the torus-fixed point
locus whose image under the torus moment map sit in Λ.
We will not need the definition in full generality in the folllowing examples, just the simple case when
G = GL(k,C) with maximal compact K = U(k) acting on X = Hom(Ck,Cn) (or slightly more generally
on X = Hom(Ck, TX)).
Example 5.8 (Localisation on Grassk(C
n), see also §7 of [37]). The Grassmannian Grassk(C
n) can be
described as the symplectic quotient of the set of complex matrices Hom(Ck,Cn) with n rows and k
columns by the unitary group U(k) where g ∈ U(k) acts on a matrix A ∈ Hom(Ck,Cn) by A ◦ g−1. The
moment map Hom(Ck,Cn) → u(k) is given by
µ(A) = A¯TA − Idn×n
if we identify the dual of the Lie algebra u(k) with Hermitian matrices via the pairing 〈H, ξ〉 = i
2
trace(Hξ¯T ).
The k column vectors of the matrix A ∈ Hom(Ck,Cn) define vectors v1, . . . , vk ∈ C
n, and the (i, j)-
entry of A¯TA is the Hermitian inner product (v j, vi). Hence µ
−1(0) consists of the unitary k-frames in Cn,
and taking the quotient by U(k) gives the Grassmannian:
Grassk(C
n) = µ−1(0)/U(k).
Let u1, . . . , uk denote the weights of the maximal torus T ⊂ U(k) acting on C
k. The Weyl group of U(k) is
the symmetric group on k elements S k, the roots of U(k) can be enumerated by pairs of positive integers
(i, j) with 1 ≤ i, j ≤ k and i , j, and the cohomology class corresponding to the root (i, j) is z j − zi. Let V
denote the tautological rank k vector bundle over Grassk(C
n). There is only one fixed point, namely the
origin, so Theorem 5.6 gives us (see also Proposition 7.2 in [37])∫
Grassk(Cn)
φ(V) =
1
k!
Resz=0
φ(z)
∏
i, j(zi − z j)dz
zn
1
. . . zn
k
.
Example 5.9 (Localisation on Flagk(C
n)). We expect a similar residue formula for Chern numbers of
the tautological bundle over the complex flag variety Flagk(C
n) = Homreg(Ck,Cn)/Bk where Bk is the
upper Borel in GL(k,C). The symplectic quotient description of Flagk(C
n) is a bit more delicate though,
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and our starting point is Proposition 1.2 of [37] and the corresponding diagram (13), which connects the
different quotients µ−1
T
(0)/T, µ−1
K
(0)/T and µ−1
K
(0)/K.
Take again X = Hom(Ck,Cn), K = U(k), T = (S 1)k as above, then µ−1
K
(0) consists of the unitary
k-frames in Cn and a k-tuple (v1, . . . , vk) ∈ Hom(C
k,Cn) lies in µ−1
T
(0) precisely when each vi has length
1. Therefore
µ−1K (0)/K = Grassk(C
n), µ−1K (0)/T = Flagk(C
n), µ−1T (0)/T = (CP
n−1)k
and according to Proposition 1.2 of [37] the equivariant Euler class of µ−1
K
(0)/T in µ−1
T
(0)/T is the
product of the negative roots
∏
1≤i< j≤k(zi − z j) of U(k). This combined with Theorem 5.6 applied to
µ−1
T
(0)/T = (CPn−1)k gives us the following
Proposition 5.10. Let V → Flagk(C
n) denote the tautological rank k bundle over the flag manifold. Then∫
Flagk(C
n)
φ(V) = Resz=0
φ(z)
∏
1≤i< j≤k(zi − z j)dz
zn
1
. . . zn
k
.
In [7] a different proof of this proposition is given (see [7] Proposition 5.4) which uses the Atiyah-Bott
localisation instead of the localisation theorem from [25].
5.3. Nonabelian localisation for non-redutive actions. As before suppose that Y is a compact Ka¨hler
manifold acted on by a complex reductive Lie groupG = KC with Lie algebra g = k⊕ik. Let H = U⋊R be
a complex linear algebraic group, with unipotent radical U graded by a central one-parameter subgroup
λ : C∗ → R of R, with Uˆ = U ⋊ C∗ 6 H. Let Q be a maximal compact subgroup of R. Suppose that H
acts on Y via ρ : H → G, and that X is a complex submanifold of Y which is invariant under the action
of X.
We can assume for simplicity and without significant loss of generality that H is a subgroup of G, that
ρ is the inclusion of H inG, that Q = H∩K, that R = QC is a Levi subgroup of H with H = U⋊R and that
λ(C∗) is a central one-parameter subgroup of R. Let TH be a maximal torus for Q (and thus a maximal
compact torus for H) with Lie algebra tH, and let URmax be a maximal unipotent subgroup of R = QC, with
Lie algebra uRmax, which is normalised by T
H and corresponds to a positive Weyl chamber tH+ ⊆ t
H . Then
UHmax = U ⋊ U
R
max is a maximal unipotent subgroup of H which is normalised by the maximal complex
torus TH
C
of R (and of H). Since λ(C∗) is central in R and its adjoint action on u has all weights strictly
positive, there is a small perturbation of the point it represents in tH which acts on uHmax = Lie(U
H
max)
with all weights strictly positive. This means that we can choose a maximal torus T of K containing TH
and a positive Weyl chamber t+ ⊆ t such that the corresponding maximal unipotent subgroup Umax of G
contains UHmax, the corresponding Borel subgroup B = UmaxTC contains the maximal solvable subgroup
BH = UHmaxT
R of H, and G = KB = K exp(it) exp(umax).
Let r+ denote the Lie algebra of the maximal unipotent subgroup URmax of R, and let r
− denote the Lie
algebra of the opposite maximal unipotent subgroup of R. We have the Cartan decomposition
Lie(R) = r− ⊕ tHC ⊕ r
+
and the corresponding decomposition
Lie(H) = u ⊕ r− ⊕ tHC ⊕ r
+.
In the special case when X ⊂ Pn = Y is a projective variety endowed with a well-adapted linear action
of H such that semistability coincides with stability for the action of H, we have seen in Theorem 3.17
that
X//H = µ−1H (0)/Q.
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This quotient fits into a diagram analogous to (13):
(14) µ−1
H
(0)/TH

 i
//
π

µ−1
TH
(0)/TH = X//TH
C
µ−1
H
(0)/Q  X//H
The description of the corresponding normal bundles is just as in Martin’s paper [37], using the line
bundles corresponding to the weights for the action of TH on Lie(H)/tH
C
.
Definition 5.11. (1) For a weight α of TH
C
let Cα denote the corresponding 1-dimensional complex
representation of TH and let
Lα := µ
−1
TH
(0) ×TH Cα → X//T
H
C ,
denote the associated complex line bundle whose Euler class is denoted by e(α) ∈ H2(X//TH
C
) ≃
H2
TH
(X).
(2) For a complex TH
C
-module a let Va = µ
−1
TH
(0) ×TH
C
a→ X//TH
C
denote the corresponding complex
vector bundle.
Proposition 5.12. Suppose that X is a nonsingular projective variety endowed with a well-adapted linear
action of H such that semistability coincides with stability for the action of H.
(1) The vector bundle Vu⊕r− → X//T
H
C
has a C∞ section s which is transverse to the zero section and
whose zero set is the submanifold µ−1
H
(0)/TH ⊂ X//TH
C
, so the TH
C
-equivariant normal bundle is
N(i) ≃ Vu⊕r− .
(2) Let vert(π)→ µ−1
H
(0)/TH denote the relative tangent bundle for π. Then
vert(π) ≃ Vr+ |µ−1
H
(0)/TH .
Proof. The argument of [37] works with minor changes. For (1) and (2) we use the diagram
(15) X
µG
//
µH
((◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
◗
µ
TH
!!❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
❈
g∗ = Lie(K)∗ ⊕ iLie(K)∗
p∗

Lie(H)∗ = u∗ ⊕ Lie(R)∗
q∗

Lie(TH
C
)∗ = tH ⊕ itH
where q∗ is the projection and p∗ is the dual of the inclusion
p : Lie(H) ֒→ k, A 7→ A − A¯T ,
see §3.4. Let V = (q∗)−1(0) denote the complex TH-invariant subspace of g∗ sent to 0 by q∗. Note that
µTH is a T
H-equivariant map and the coadjoint action of TH on H preserves the subspace V . Therefore
V is isomorphic to u∗ ⊕ (r−)∗. Then µ−1
TH
(0) = µ−1
H
(V), and the fact semistability coincides with stability
for the H-action tells us that 0 is a regular value for µH, which implies that the subspace V is transverse
to the map µH. The restriction of µH to µ
−1
TH
(0) defines an TH-equivariant map s˜ : µ−1
TH
(0) → V whose
quotient by TH defines a section s of the associated bundle Vu⊕(r−) = µ
−1
TH
(0) ×TH V → X//T
H
C
. Since
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0 ∈ g∗ is a regular value of µH it follows that 0 ∈ V is a regular value of s˜, and hence s is transverse to
the zero section, as required for (1).
(2) is a reductive statement; for the proof see Proposition 1.2 of [37].

The following statements on the relation between the topology of X//H and X//TH
C
follow from Propo-
sition 5.12 the same way as Theorem A and B of [37] follow from Proposition 1.2 of [37].
Theorem 5.13 (Cohomology rings). Let X be a smooth projective variety endowed with a well-adapted
action of H = U ⋊ R such that H-stability=H-semistability holds. There is a natural ring isomorphism
H∗(X//H,Q) ≃
H∗(X//TH
C
,Q)W
ann(Euler(Vu⊕r−⊕r+)
.
HereW denotes the Weyl group of R, which acts naturally on X//TH
C
, while Euler(Vu⊕r−⊕r+) ∈ H
∗(X//TH
C
)W
is the Euler class of the bundle Vu⊕r−⊕r+ and
ann(Euler(Vu⊕r−⊕r+)) = {c ∈ H
∗(X//T ∗C,Q)|c ∪ Euler(Vu⊕r−⊕r+) = 0} ⊂ H
∗(X//THC ,Q).
is the annihilator ideal.
Again, diagram (14) provides a natural way to define a lift of a cohomology class on X//H to a class
on X//TH
C
: we say that a˜ ∈ H∗(X//TH
C
) is a lift of a ∈ H∗(X//H) if π∗a = i∗a˜.
Theorem 5.14 (Integration formula). Let X be a smooth projective variety endowed with a well-
adapted action of H = U ⋊ R such that H-stability=H-semistability holds. Given a cohomology class
a ∈ H∗(X//H) with a lift a˜ ∈ H∗(X//TH
C
), then∫
X//H
a =
1
|W |
∫
X//TH
C
a˜ ∪ Euler(Vu⊕r−⊕r+),
where we use the notation of Theorem 5.13.
5.4. Localization for quotients by non-reductive groups with internally graded unipotent radicals.
Let X be a smooth projective variety with a well-adapted linear action of H = U ⋊ R such that H-
stability=H-semistability holds. We follow the notation and conventions of the previous section. We
have two surjective ring homomorphisms
κTH
C
: H∗
TH
C
(X) → H∗(X//THC ) and κH : H
∗
R(X) = H
∗
TH
C
(X)W → H∗(X//H)
from the equivariant cohomology of X to the ordinary cohomology of the corresponding GIT quotient.
The fixed points of the maximal torus TH
C
on X ⊂ Pn correspond to the weights of the TH
C
action on X,
and since this action is well-adapted, these weights satisfy
ωmin = ω0 < 0 < ω1 < . . . < ωr.
Theorem 5.15 (Localisation for non-reductive quotients). Let X be a smooth projective variety en-
dowed with a well-adapted linear action of H = U ⋊ R such that H-stability=H-semistability holds. For
any equivariant cohomology class η on X represented by an equivariant differential form η(z) whose
degree is the dimension of X//H we have
∫
X//H
κ(η) = nKJKRes
Λ

∑
F⊂F
∫
F
i∗
F
(η(z))Euler(Vu⊕r−⊕r+)(z)
EulerT (NF)(z)
[dz]
 .
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In this formula z is a variable in tH
C
so that a TH-equivariant cohomology class can be evaluated at z,
while JKResΛ is the JK residue map which depends on a choice of a cone Λ ⊂ tH. The positive integer
nK depends on K and the size of the stabiliser in K of a generic x ∈ X.
In the special case when H = Uˆ = U ⋊ C∗ the theorem has a particularly nice form.
Corollary 5.16 (Localisation for Uˆ quotients). Let X be a smooth projective variety with a well-adapted
action of Uˆ = U ⋊ C∗ such that Uˆ-stability=Uˆ-semistability holds. Let z be the standard coordinate on
the Lie algebra of C∗.. For any equivariant cohomology class η on X represented by an equivariant
differential form η(z) whose degree is the dimension of X//Uˆ we have
∫
X//Uˆ
κ(η) = nC∗Resz=∞
∫
Fmin
i∗
Fmin
(η(z) ∪ Euler(Vu)(z))
EulerT (NFmin )(z)
dz
where Fmin is the union of those connected components of the fixed point locus X
C∗ on which the S 1
moment map takes its minimum value ωmin.
6. Examples
In this section we illustrate the formulas of this paper with some examples.
6.1. Two points and a line in P2. Let X = (P2)2× (P2)∗ with elements (p, q, L) where p and q are points
in P2 and L is a line in P2. Let X have the usual (left) action of the standard Borel subgroup B = U ⋊ T
of SL(3) consisting of upper triangular matrices. This action is linear with respect to the product of O(1)
for each of the three projective planes whose product is X. We represent points in P2 by column vectors,
with the action of a matrix A given by pre-multiplication by A; we represent lines
L(a,b,c) = {[x : y : z] ∈ P
2|ax + by + cz = 0}
by row vectors (a, b, c) and the action of A is then given by post-multiplication by A−1. The weights of
the action of the maximal torus T of B on the image under the Segre embedding of X lie in an irregular
hexagon (which is their convex hull) in the dual of the Lie algebra of the maximal compact subgroup
of T (see Figure (6.1)). These weights are the elements of the set {αi + α j − αk : 1 ≤ i, j, k ≤ 3}
(where α1, α2, α3 are the restrictions to SL(3) of the standard basis of the weight lattice for GL(3) so that
α1+α2+α3 = 0). Their multiplicities, meaning the numbers of fixed points on X with the given weights,
are given in the following table:
Weight type 2αi − α j αi + α j − αk αi
Multiplicity 1 2 5
In order for a one-parameter subgroup λ : Gm → T to satisfy the condition that all its weights for the
adjoint action on LieU should be positive, we require its derivative to lie in the interior of the standard
positive Weyl chamber t+ for SL(3). We use the standard invariant inner product on the Lie algebra of
the unitary group U(3) to identify the Lie algebra of T with its dual. We can then choose this derivative
to be close to the maximal weight 2α1 − α3 in the hexagon and then the corresponding one-parameter
subgroup λ is close to λ(t) = diag(tλ1 , tλ2 , tλ3) where
(16) λ1 = 5/3, λ2 = −1/3, λ3 = −4/3.
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Figure 1. Weight diagram of the torus action on (P2)2 × (P2)∗
α1
α2
α3
2α1 − α3
2α1 − α2
2α2 − α3
2α2 − α1
2α3 − α1
2α3 − α2
Note that the stratification we describe below does not depend on a small perturbation of λ (this is what
we mean by ”close to λ”), but for the action of the residual R = T/λ(C∗) on X//Uˆ this perturbation will
be essential below. Then λ defines the subgroup
Uˆ = U ⋊ λ(C∗) =


tλ1 α β
0 tλ2 γ
0 0 tλ3
 : α, β, γ ∈ C
 .
In Figure 6.1 the red dashed line represents the ray in t∗ dual to λ. The weights for λ are the orthogonal
projections of the weights for SL(3) onto this red dashed line. Therefore the minimal weight for λ is the
image of 2α1 − α3 under this projection, and it corresponds to the T -fixed point
Zmin = {zmin} = {([0, 0, 1], [0, 0, 1], L(1,0,0))}
where the points p and q coincide at [0, 0, 1] and both lie on the line L which is defined by x = 0. The
stabiliser in U of zmin is trivial, and
Uzmin = {[x, y, z], [x, y, z], [a, b, c]|ax + by + cz = 0, z , 0 , a}
whose closure is
Uzmin = {(p, q, L) ∈ X|p = q ∈ L},
Moreover,
X0min = {([x1, y1, z1], [x2, y2, z2], L(a,b,c)) ∈ X|z1 , 0 , z2, a , 0}
and by Lemma 4.3
X0min \ Uzmin
has a projective geometric quotient X//Uˆ = (X0
min
\ Uzmin)/Uˆ when the linearisation is twisted by a
rational character χ in the interior of the hexagon near to the T -weight for zmin. In Figure (6.1) the red
dot on the dashed red line indicates the shifted origin. Finally, X//B = (X//Uˆ)//R is the reductive GIT
quotient of the projective variety X//Uˆ by the residual torus action where R = T/λ(C).
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According to Theorem 4.5, the Betti numbers of the GIT quotient X//Uˆ are
Pt(X//Uˆ) = Pt(X
C∗
min)
1 − t2d
1 − t2
=
1 − t6
1 − t2
= 1 + t2 + t4.
The Betti numbers of the projective variety X//Uˆ suggest that X//Uˆ is a weighted projective space
P[n1, n2, n3] for some integers ni determined by the weights of C
∗ in Uˆ. Before we check this by hand,
and study the residual C∗
R
= T/λ(C) action on X//Uˆ , we make an observation. Since Zmin = zmin is a
point, C∗
R
stabilizes it, and Z
s,C∗
R
min
= Z
ss,C∗
R
min
= ∅, so strictly speaking, the conditions of Theorem 1.3 do not
hold. However, the argument of Lemma 4.6 shows that Xss,H/B → zmin is a projective fibration again
over a point, so X//H = P1 and hence
Pt(X//B) = 1 + t
2.
We now check by hand what X//B is as follows. Using the U action, every element of X0
min
can be
moved into the slice
S = X0min/U  {([0, α, 1], [β, 0, 1], [1, 0, γ]) | α, β, γ ∈ C}  C
3
where the residual C∗ ⊂ Uˆ-weights on the coordinates α, β, γ are given by
w(α) = λ2 − λ1,w(β) = λ3 − λ1,w(γ) = λ1 − λ3.
The points in Uzmin correspond to the origin α = β = γ = 0 and therefore
(X0min \ Uzmin)/Uˆ = (C
3 \ {0})/C∗ = P[λ2 − λ1, λ3 − λ1, λ1 − λ3].
The weights for the residual R = T/λ(C) ≃ C∗ action on X//Uˆ are represented by the orthogonal
projections of the original weights onto the red line in Figure 6.1, and we have to drop the image of the
maximal weight 2α1 − α3 from these. The origin sits between π(α1) and π(2α1 − α3). We choose the
positive Weyl chamber to be the lower half line. With this choice the order of the positive weights are
π(2α2 − α3) < π(2α2 − α1) < π(α1 + α2 − α3) < π(α2) < π(α2 + α3 − α1) < π(2α1 − α3).
In particular, this means that
π(α2) < π(α1) < π(α3)
so R corresponds to the one-parameter subgroup
R =


tπ(α1) 0 0
0 tπ(α2) 0
0 0 tπ(α3)
 : π(α2) < π(α1) < π(α3) ∈ C
 .
where the weight of the the second coordinate on P2 is the highest weight followed by the weight of the
first and finally the third coordinate.
The nonzero coordinates of the image of the slice S under the Segre embedding
P2 × P2 × (P2)∗ ⊃ S = P(α : β : γ) ֒→ P7
correspond to the 3-term products of nonzero coordinates on S: one nonzero coordinates from each copy
of P2. These are the weights shown in Figure 6.1:
w(1 · 1 · γ) = α1, w(1 · β · γ) = α3, w(1 · β · 1) = α1
w(α · 1 · 1) = α1 + α2 − α3, w(α · 1 · γ) = α2, w(α · β · 1) = α2, w(α · β · γ) = α2
The convex hull of the projections of these weights to the red line contains the red origin. The image of
the line
P1 = {[α : β : γ] ∈ S|α = 0} ֒→ P7
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has the following nonzero coordinates:
w(1 · 1 · γ) = α1, w(1 · β · γ) = α3, w(1 · β · 1) = α1
which all sit on the positive half line, and it represents an unstable stratum of codimension 1 and Poincare´
polynomial 1 + t2. Similarly, the image of the point
[1 : 0 : 0] ֒→ P7
has only the following nonzero coordinate:
w(α · 1 · 1) = α1 + α2 − α3
which again represents an unstable stratum of codimension 2. The unstable strata contribute to the
Poincare´ polynomial by t2(1 + t2) + t4 = t2 + 2t4. Let q : Xss,Uˆ = Xmin \ UˆZmin → X//Uˆ denote the
quotient map. The Poincare´ series is then given by
Pt(X//B) = Pt((X//Uˆ)//R) = Pt(X//Uˆ)Pt(BC
∗) − tcodim(q(S 2α1−α3 ))Pt(C2α1−α3 )Pt(BC
∗) =
=
1
1 − t2
(
1 − t6
1 − t2
− t2 − 2t4) = 1 + t2.
6.2. n points and a line on P2. We can easily generalise the argument of the previous section to give a
complete description of the GIT quotient X//Uˆ where X = (P2)n× (P2)∗ is the set of tuples (p1, . . . , pn, L)
with n points and a line L in P2. Let X have the usual (left) action of the standard Borel subgroup
B = U ⋊ T of SL(3), consisting of upper triangular matrices, which is linear with respect to the product
of O(1) for each of the n + 1 projective planes whose product is X.
Proposition 6.1. The Poincare´ polynomial of the GIT quotients X//Uˆ and X//H are
Pt(X//Uˆ) = Pt(zmin)
1 − t4n
1 − t2
= 1 + t2 + . . . + t4n−4.
Pt(X//H) = Pt(zmin)
1 − t4n−2
1 − t2
= 1 + t2 + . . . + t4n−6.
Hence the Betti numbers of these quotients are those of (weighted) projective spaces, as expected.
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